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Abstract 

We study the irregularity of hypergeometric 2?-modules A^^(/3) via the 
exphcit construction of Gevrey series solutions along coordinate subspaces 
in X = C". As a consequence, we prove that along coordinate hyper- 
planes the combinatorial characterization of the slopes of A^yi(/3) given 
by M. Schulze and U. Walther in [25] still holds for any full rank inte- 
ger matrix A. We also provide a lower bound for the dimensions of the 
spaces of Gevrey solutions along coordinate subspaces in terms of volumes 
of polytopes and prove the equality for very generic parameters. Holomor- 
phic solutions outside the singular locus of M-Aifi) can be understood as 
Gevrey solutions of order one along X at generic points and so they are 
included particular case. 
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1 Introduction 

This paper is devoted to the study of the irregularity of the GKZ-hypergeometric 
P-modules. To this end we explicitly construct Gevrey series solutions along 
coordinate subspaces in C". Let us first recall some notions and results about 
the irregularity in D-module Theory. 

Let X be a complex manifold and Dx the sheaf of linear partial differential 
operators with coefficients in the sheaf of holomorphic functions Ox- 

One fundamental problem in the study of the irregularity of a holonomic Vx- 
module M. is the description of its analytic slopes along smooth hypersurfaces Y 
in X (see Z. Mebkhout [IE]). An analytic slope is a gap s > 1 in the Gevrey 
filtration Irry^(A^) of the irregularity complex Irry(AI) (see Definitions 12.41 and 
[23]). 

Y. Laurent also defined the algebraic slopes of M. along a smooth variety 
Z ([H], [15]) as those real numbers s > 1 such that the s-micro-characteristic 
variety of M. with respect to Z is not homogeneous with respect to the filtration 
by the order of the differential operators. He proved that the set of slopes of Ai 
along Z is a finite set of rational numbers (see [T5]). 

When is a holonomic P-module and F is a smooth hypersurface, the Com- 
parison Theorem of the slopes (due to Laurent and Mebkhout [16]) states that 
the algebraic slopes coincide with the analytic ones. However, as far as we know, 
the analytic slopes of a holonomic P-module along varieties Z of codimension 
greater than one are not defined yet in the literature. One problem is that the 
complexes Iii^^\m.) and liiz{M.) are constructible but they are not necessarily 
perverse in such a case (see examples in [H]). The category of perverse sheaves 
is an abelian category while the category of constructible sheaves is just additive 
(see [2]). 

The description of the Gevrey series solutions of a holonomic "D-module M. 
along a smooth variety Z is another fundamental problem in the study of its 
irregularity. If y is a smooth hypersurface the index of any non convergent 
Gevrey solution of M. along Y is an analytic slope of along Y (see Definition 
[23]). 
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From now on we consider the complex manifold X = C" and denote T> : = T>x ■ 
We also will write di := for the i-th. partial derivative. 

Hypergeometric systems were introduced by Gel'fand, Graev, Kapranov and 
Zelevinsky (see [8] and [9]) and they are associated with a pair (A, /3) where A 
is a full rank d x n matrix A = (aij) with integer entries {d < n) and /3 G is 
a vector of complex parameters. They are left ideals Ha{P) of the Weyl algebra 
C[a;i, . . . , Xn]{di, . . . , 9„) generated by the following set of differential operators: 

:= 5«+ _ for ueZ'', Au = (1) 

where u = u+ — and m+, m_ G N" have disjoint supports, and 

n 

Ei - /3j := ^ o-i'jXjdj - Pi for i = 1, . . . , (2) 

The hypergeometric P-module associated with the pair {A, /?) is the quotient 
sheaf Ma{P) = V/VHa{P). 

The operators given in ([1]) are called the toric operators associated with A 
and they generate the so-called toric ideal I a ^ C[di, . . . ,dn] associated with A. 
It is a prime ideal whose zeros variety V{Ia) ^ is an affine toric variety with 
KruU dimension d (see for example [26]). The operator is called the i-th Euler 
operator associated with A for i = 1, . . . ,d. 

A good introduction for the theory of hypergeometric systems is |23]. These 
systems are known to be holonomic and their holonomic rank (equivalently, the 
dimension of the space of holomorphic solutions at nonsingular points) is the 
normalized volume of the matrix A = (ai)^^^ G Z'^^" with respect to the lattice 
TjA := Yl^=i '^^i — (s^^ Definition 18.11) when either f3 is generic or Ia is 
Cohen-Macaulay (see [9], [1]). For results about rank-jumping parameters P see 
[T7] , [3] and the references therein. Several authors have studied the holomorphic 
solutions at nonsingular points of A4a{P) (see [21] and [2T]). 

A theorem of R. Hotta [T3l Ch. II, §6.2, Thm.] assures that when the 
toric ideal I a is homogeneous the hypergeometric D-module JUa^P) is regular 
holonomic. The converse to this theorem was proved by Saito, Sturmfels and 
Takayama f2M Thm. 2.4.11] when /3 is generic and by Schulze and Walther [251 
Corollary 3.16] when A is a pointed matrix such that ZA = Z"'. A matrix A is 
said to be pointed if its columns ai, . . . , a„ lie in a single open linear half-space 
of (equivalently, the associated affine toric variety V{Ia) passes through the 
origin). On the other hand, when A is non-pointed then MaIP) is never regular 
holonomic: the existence of a toric operator 9" — 1 G n G N"', implies that 
the holonomic rank of some initial ideals of Ha{P) is zero and this cannot hold 
for regular holonomic ideals with positive rank (see [2^ Thm. 2.5.1.]). 
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Let us explain the structure of this paper. In Section [2] we recall some general 
definitions (Gevrey series, irregularity and analytic slopes of a holonomic V- 
module) and prove Lemma [2?6] which concerns the slopes of holonomic P-modules 
and will be used in the sequel. 

In Section [3] we consider a simplex a, i.e., a set a C {1, . . . , n} such that A„ = 
(ai)igo- is an invertible submatrix of A, and we use the F-series introduced in [9] 
and slightly generalized in [21] to explicitly construct a set of linearly independent 
Gevrey solutions of J^a{/3) along Fg- = {xi = : i ^ cr}. The cardinal of this set 
of solutions is the normalized volume of A„ with respect to the lattice ZA and 
we prove that they are Gevrey series of order s = max{\A~^ai\ : i ^ a} along 
the coordinate subspace Y = {xi = : [A'^ajl > 1} 5 Y^-. Moreover, we also 
prove that s is their Gevrey index when (3 is very generic. 

In Section H] we construct for any simplex a and for all /3 a set of Gevrey series 
along Y with index s that are solutions of A^a(/3) modulo the sheaf of Gevrey 
series with lower index. This implies for s > 1 that s is a slope of AiA{P) along 

Y when F is a hyperplane by Lemma [2.61 

In Section[5]we describe all the slopes of A^^(/3) along coordinate hyperplanes 

Y at any point p ^Y (see Theorem IS.lUp . To this end, and using some ideas of 
|25] . we prove that the s-micro-characteristic varieties with respect to Y of 

are homogeneous with respect to the order filtration for all s > 1 but a finite set 
of candidates s to be algebraic slopes. Then we use the results in Sections [3] and H] 
to prove that all the candidates s to be algebraic slopes along hyperplanes occur 
as the Gevrey index of a Gevrey series solution of modulo convergent 

series and thus they are analytic slopes. In particular we prove that the set of 
algebraic slopes of J^a{P) along any coordinate hyperplane is contained in the 
set of analytic slopes without using the Comparison Theorem of the slopes (due 
to Laurent and Mebkhout [16]). We use this theorem in the converse direction to 
prove that there are no more slopes. M. Schulze and U. Walther [23] described in 
a combinatorial way all the algebraic slopes of A4a{i3) along coordinate subspaces 
assuming that TjA = Z"^ and that A is pointed. Previous computations in the 
particular cases d = 1 and n = d + 1 of the slopes along coordinate hyperplanes 
appear in [5], [12] and [TT] . 

In Section [H] we recall the definition of regular triangulation of a matrix and 
make some remarks that will be used in Section 17. 1[ 

In Section [7?T] we use the Gevrey series constructed in SectionOand convenient 
regular triangulations of the matrix A to provide a lower bound for the dimensions 
of the Gevrey solution spaces. In particular, the lower bound that we obtain 
for the dimension of the formal solution space of AiA{P) along any coordinate 
subspace Y^ = {xi = : i ^ r} at generic points of Y^. is nothing but the 
normalized volume of the matrix A^- with respect to 7jA. 
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In Section 17.21 we prove that this lower bound is actually an equality for 
very generic parameters /3 G and then we have the explicit description of 
the basis of the corresponding Gevrey solution space. Example 15.121 shows that 
this condition on the parameters is necessary in general to obtain a basis. This 
example also points out a special phenomenon: some algebraic slopes of J^a{i3) 
along coordinate subspaces of codimension greater than one do not appear as the 
Gevrey index of any formal solution modulo convergent series. 

Finally, in Section [8] we assume some conditions (ZA = Z*^, A is pointed, 
/3 is non-rank-jumping and F is a coordinate hyperplane) in order to use some 
multiplicity formulas for the s-characteristic cycles of A^a(/5) obtained by M. 
Schulze and U. Walther in [25] and general results on the irregularity of holonomic 
D- modules due to Y. Laurent and Z. Mebkhout [TB] to compute the dimension 
of T-[^{1tty\-Ma{i3)))p for generic points p E Y. Then the set of the classes in 
Qy{s) of the Gevrey solutions that we construct along a hyperplane is a basis 
for very generic parameters. Moreover, since Itty\Ma{P)) is a perverse sheaf 
on y by a theorem of Z. Mebkhout [19], we know that for all i > 1 the i-th 
cohomology sheaf of Itty\.Ma{(3)) has support contained in a subvariety of Y 
with codimension i. This gives the stalk of the cohomology of ItTy\-M.a{P)) at 
generic points of Y. 

This paper is very related with [5] and In [7] we use deep results in 
P-module Theory and restriction theorems to reduce the computation of the co- 
homology sheaves of 1tTy\-M.a{i3)) for a pointed one-row matrix A to the case 
associated with a 1 x 2 matrix (that we solved by elementary methods in [6]). 
We also described a basis of the Gevrey solutions in both articles. However, the 
problem of the combinatorial description of the higher cohomology of the irregu- 
larity sheaves Itty\-Ma{P)) at non generic points of y for general hypergeometric 
P-modules seems much more involved since free resolutions are very difficult to 
compute. 
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Remark 17. 2[ 

2 Gevrey series and slopes of P-modules 

Let y C A = C" be a smooth analytic subvariety and Xy C Ox its defining 
ideal. The formal completion of Ox along Y is given by 
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:=limOx/X^ 

T 

In this section, we can assume that locally Y = Yr = {xi = : z ^ r} for 
r C {1, . . . , 77,} with cardinal r = dimc(^)- We will denote ) and 

r = {1, . . . , n} \ r. A germ of 0^^^ aX p eY has the form 

where fa{xr) G Cy (f/) for certain nonempty relatively open subset U '^Y, p E U. 
The germs of are called formal series along Y. 

Definition 2.1. A formal series 

f = fo^(^r)x^ e C{Xr - Pr}[[Xr]] 

is said to he Gevrey of multi-order s = {si)i^r G along Y at p E Y if the 

series 

is convergent at p. Here we denote a\^~^ = Yli^ri'^i^-)^'"^ ■ 
Definition 2.2. A formal series 

zs sazd to 5e Gevrey of order s G M a/ong' Y at p eY if the series 
is convergent at p. 

Moreover, if pli{f) is not convergent at p for any s' < s then s is said to be 
the Gevrey index of f along Y at p. It is clear that such a series f belongs to 
^x\Yp denote by Ox\y{s) the subsheaf of O whose germs are Gevrey 

series of order s along Y . 

Remark 2.3. Notice that any Gevrey series of multi-order s = {si)i(^r along Y 
at p eY is also a Gevrey series of order s = maxjsj : i ^ r} along Y at p. 

For s = 1 we have that Ox\y{^) = Ox\y is the restriction of Ox to Y and by 
convention Ox|y(+oo) = Oj^. 

We denote by Qy the quotient sheaf Oj^/Ox\Y' and by Qy(s) its subsheaf 
Ox\y{s)/Ox\y for 1 < s < cx). 
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Definition 2.4. [T9l Definition 6.3.1] For each 1 < s < oo, the irregularity 
complex of order s of M. along Y is 

Ir4'^(7W) := momv^{M, Qy{s)). 

The irregularity complex of M. along Y is Irry(A^) := Irr^^(7W). 

Z. Mebkliout proved in [191 Tli. 6.3.3] tliat for any liolonomic Px^module A4 
and any smootli liypersurface Y C X the complex 1tTy\M) is a perverse slieaf 
on y for 1 < s < oo. Furthermore, tlie slieaves Irry''(A^), s > 1, determine an 
increasing filtration of Itty{M). This filtration is called the Gevrey filtration of 
IriYiM) (see ^ Sec. 6]). 

Assume for the remainder of this section that F is a smooth hypersurface. 

Definition 2.5. p!6l Sec. 2.4] A number s > 1 is said to be an analytic slope of 
M. along Y at a point p eY if p belongs to the analytic closure of the set: 

{qeY : lii^y\M)q ^ liiP{M)q, Vs' < s}. 

Let us denote Ox\y{< s) := ^s'<sOx\y{.s') for s G M. For the sake of com- 
pleteness we include a proof of the following result. 

Lemma 2.6. Let A4 be a holonomic V-module such that there exists a series 
f G Ox\y{s)p with Gevrey index s > 1 whose class in 

{Ox\y{s)/Ox\y{< s)), 

is a solution of Ai, for all p in a relatively open set U (^Y . Then s is a slope of 
M. along Y at any point in the closure of U . 

Proof. Any holonomic D-module is cyclic (see [U Proposition 3.1.5]). Thus, we 
can assume without loss of generality that M. = T> jX with X a sheaf of ideals 
generated by some differential operators Pi, . . . , Pm ^ '^{U)- Then, by the as- 
sumption, there exists Si < s such that Pi{fp) G Ox\Y{si)p, i = l,...,m. For 
s' = max{si} < s we have that (PjJ))T=i e (Qy(s'))™ verifies all the left V- 
relations verified by {Pi)^i. Thus, we can consider its class in 7Y^(Irry \A4)). 

Since y is a smooth hypersurface, Irry ■*(M) is a perverse sheaf on Y [TU] . 
In particular, the support 5* of the sheaf 7i^(Irry has at most dimension 

equal to dimF — 1, so the relatively open set U' = U \ S Y verifies that 
H^{Itty \M.))\u' = and its closure is equal to the one of U. 

In particular the class of (PjJ))T=i e (Qy(s'))"' in n\lrr'^'\M))iw is zero. 
This implies the existence of G Qy(s') such that {Pi{h))Zi = (PjJ))T=i in 
{Qy{,s')p)^ . Equivalently, Pi{f — h) is convergent at any point of U' for all 
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i = 1, . . . ,m, and we also have that f — h has Gevrey index s because / has 
Gevrey index s and h has Gevrey index s' < s. 

The last assertion means that 

7^ G HomviM, Qy{s))\u' \ U HomviM, Qy{s'))iu' 

s'<s 

and therefore s is a slope of Ai along Y at any point in the closure of U. □ 

Remark 2.7. For all s > 1, ItTy\M) is a constructible sheaf (see IT^)- Then 
there exists a Whitney stratification {Ya{s)}a of Y such that 7i*(Irry''(A1))|y^(5) 
are locally constant sheaves. If Y is an irreducible algebraic hypersurface and 
Ya{s) are algebraic subvarieties then the set Y^{s) = Y \ UdimYa{s)<n-iYa{s) is a 
connected stratum (see fTU. Theoreme 2.1.]). Since U r\Y^{s) is a relatively open 
set in and s is a slope of AA along Y at any point of U , we have that s is 

a slope of M. along Y at any point ofY^{s). This implies that s is a slope of M. 
along Y at any point of Y by Definition \2.5\ because Y is the analytic closure of 



3 Gevrey solutions of associated with a 

simplex 

Let A = [ai ■ ■ ■ an) be a full rank matrix with columns aj G Z'^ and j3 G C^. 

For any set r C {1, . . . , n} let conv(r) be the convex hull of {oj : i G r} C M'' 
and let be the convex hull of {a^ : i E t} U {0} C M''. We shall identify r 
with the set {oj : i G r} and with conv(r). We also denote by A^- the matrix 
given by the columns of A indexed by r. 

We fix a set cr C {1, . . . , n} with cardinal d and det{A^) ^ throughout this 
section. Then A^- is a rf-simplex and a is a (c? — l)-simplex. The normalized 
volume of A^- with respect to is 

, , rf!vol(A,) |det(A,)| 



[Z'^ : ZA] [Z'i : ZA] 

where vol(Ao-) denotes the Euclidean volume of Ao-. The aims of this section 
are: 1) to explicitly construct volz/i(Ao-) linearly independent formal solutions of 
M-AiP) along the subspace Fq- = {xj = : i ^ cr} at any point of Y„ fl {xj ^ : 
j G 0"} and 2) to prove that these series are Gevrey series along Y^, of multi-order 
(si)i^^ with Si = \A~^ai\. 

We reorder the variables in order to have a = {1, . . . ,d} for simplicity. Then 
a basis of ker(y4) = {-u G Q" : Au = 0} is given by the columns of the matrix: 
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In-d 



1 
1 



-A~^an \ 





V 











For f G C" with Av = (3 the F-series defined in [9]: 

1 



u£La 



T(v + u + l] 



-X 



v+u 



is formally annihilated by the differential operators ([T]) and ([2]). Here F is the 
Euler Gamma function and La '■= ker(/l) fl Z". Notice that (p^ is zero if and only 
if {v + La) n (C \ Z<o)"' = 0. In contrast, the series ip^ does not define a formal 
power series at any point if f G C" is very generic. 

Observe that v := {A~^P, 0) G C" satisfies Av = [3 and so the vectors 

where k = {ki)i^^ G N"~'^. Hence, according to Lemma 1 in Section 1.1 of [9], 
we have that the formal series along := {xi = : i ^ cr} at any point of 
n {xj ^ : J G a}: 

-^^^(Ei^<,(fci+'ni)ai) k+m 

Xa X-r=r 



where 



''^^ '^^5^^F(A-n/9-E.^.(fc. + m,)a,) + l)(k + m)! 
Ak := {k + m = {ki + m,)ig^ G N""'^ : ^ a^mi G ZA„} 



is annihilated by the operators ([T]) and ([2]). Notice that ip^^ is zero if and only 
if for all m G Ak, A~^{[3 — J^i^ai^i + has at least one negative integer 

coordinate. 

Let us consider the lattice Zcr = ZA^ = XliGo- contained in I^A. 
Lemma 3.1. The following statements are equivalent for all k, k' G Z"""^.- 

1) v^ - v^' G Z*^ 

2) [A^k] = [A^k'] m ZA/Za. 

3) Ak = Ak'. 
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Lemma 3.2. We have the equality: 

{Ak : k e Z"~^} = {Ak : k G N""'^} 
and the cardinal of this set is \LA : Za] = volzAi^a) ■ 

Proof. The equality is clear because A^c G Zcr for c = | det(ACT)| ■ (1, . . . , 1) G 
(fq*^n-d g^j^^ fQj^ j^j^y ]^ g ^n-d exists a G N such that k + ac G N"""* 

and Ak = Ak+^c- 

VA G ZA/Z(T there exists k G Z"""^ with = A G ZA/Za. Then by the 
equivalence of 2) and 3) in Lemma 13.11 we have that {Ak : k G Z"^'^} has the 
same cardinal as the finite group ZA/Zcr. □ 

Remark 3.3. Recall that the support of a series c^x'" is the set 

Then, for all k, k' G N""*^ such that — v^' G Z" we have that (f^k = <y9^k' and 
in other case we have that if^k, if^]^' have disjoint supports. 

Remark 3.4. One may consider k(l), . . . , k(r) G N"^'^ such that 

ZA/Za = {[A^kii}] : i = l,...,r} 

with r = [ZA : Za]. Then the set in Lemma \3. 2\ is equal to { Ak(i) : i = 1, . . . ,r} 
and it determines a partition o/N"""^, i.e., 

1) Ak(i) nAkO') = z/z ^ J. 

2) U[=iAk(.) = N"-'^. 

We have described volzA(^cr) formal solutions of A^a(/5) along Y„ associated 
with a simplex a having pairwise disjoint supports. Thus, they are linearly inde- 
pendent if none of them is zero. 

Definition 3.5. f3 & is said to be generic if it runs in a Zariski open set. (3 is 
said to he very generic if it runs in a countable intersection of Zariski open sets. 

Remark 3.6. For generic (3 we have that (3 is non-rank- jumping. For very 
generic (3 we have that does not have any negative integer coordinate for all 
k G and that (3 is generic. In particular, if /3 is very generic we have that 

if^k 0, Vk. More precisely, non generic parameter vectors (3 (resp. non very 
generic) lie in the complement of a hyperplane arrangement (resp. a countable 
union of hyperplane arrangements) that depends on A. 
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These F-series are handled in [21] in such a way that they are not zero for 
any (3 e C^: 



E 



where f G C" verifies Aw = /3 and = {u ^ La ■ nsupp(f + u) = nsupp(t')}. 
Here nsupp(ii') := {i G {1, . . . , n} : Wi e Z<o} for w G C", = HiN]", and 
bilui = nj=i(^« ~ J + 1) is the Pochhammer symbol for Vi G C, Uj G N. When 
V e {C \ Z<o)" we have: 

Since Av = (3 the series is annihilated by the operators ([2]). It is annihilated 
by the toric ideal I a if and only if the negative support of v is minimal, i.e., 
G := ker(y4) fl Z" with nsupp(w + u) C. nsupp(f) (see [2l], Section 3.4.). 

Observe that any u E La has the form (— Xlj^o- ^j^a^^j^ ^) with r = {rj)j^a G 
^n-d g^f.]-^ = 'Ylij^a^j^j ^ Then we can choose k G N""'^ such 

that has minimal negative support because we do not change the class of 
Sj^o- ^3^3 modulo TjAo- when replacing k by k + r G Then the new series 

0^ := 0„k 7^ has the form: 



where 



S'k := {k + m G Ak : nsupp(t''^+™) = nsupp(t;'^)} C Aj, 

and u(m) = (— ^-^^ mjA'^aj, m) for m = (mi)j^o- G Z"^'^. It is clear that 
k + m G S'k if and only if v^^"^ e + N^k. 



Remark 3.7. Using that ^ Ak, Vk G anc? Remark 3.4 we have that two 

series in {(f)^ : k G N"'"'^} are either equal up to multiplication by a nonzero scalar 
or they have disjoint supports. Thus, the set {0^ : k G N""'^} has volzAi'^a) 
linearly independent formal series solutions of AiA{P) along Y^j at any point of 
Y„ n {Xj ^ : j G ct} for all /3 G C^. 

Example 3.8. Let A = (ai a2 a^) G Z^^^ be the matrix with columns: 

l\ f 0\ / 3 



The kernel of A is generated by u = (6, 1, —2) and so La = Zm. Then the hyper- 
geometric system associated with A and (3 E 'C'^ is generated by the differential 
operators: 

□n = dld2 - dl Ei-Pi = xidi + 3x3^3 - E2-(32 = 2x2d2 + 0:393 - (52. 
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In this example 7jA = 1? , Ais pointed and a = {1,2} is a simplex with normalized 
volume vo\zA{^a) = I det(y4o-)| = 2 (see Figure 1). 



Figure 1 

Two convenient vectors associated with a are 

^° = (A, /52/2, 0) and = - 3, {(32 - l)/2, 1). 
The associated series: 

_ ST^ [Pl]6m[P2/'2]m /3i-6m 02/2-m 2m 
— / ,^ , , X-\ OCo OCo 



E 

m>0 

and 



(2m)! 



[Pi — 3]6m[(/^2 — l)/2]m /3j_3_6m (/32-l)/2-m. l+2-m 

0C-\ OC^ Xo 



(2m + 1)! 

m>0 ^ ^ 

are formal series along = {x^ = 0} at any point of fl {xiX2 7^ 0} that 
are annihilated by the Euler operators Ei — j3i, E2 — P2 because Av^ = (3 and by 
the toric operator since has minimal negative support for all /5 G for 
A; = 0,1. 

The following Lemma is very related with Lemma 1 in [21] (see also [9l Propo- 
sition 1, Section 1.1.] and [22l Proposition 5]). 

Lemma 3.9. Assume that is a set of vectors in Q'^ x M"-"''^ k G 

Let us denote u{m) = Yl^=d+i ^i^i ^'^^ consider a set ^ {k + m G : 
n(m) G Z'*} and a vector v G C" such that nsupp(f + n(m)) = nsupp(t') for any 
m G -Dk — k. Then for all s G M"""^ i/ie following statements are equivalent: 

1) \^ [ k(m) y^^™^ is Gevrey of multi- order s along y = 0. 

k+t^D. + «('^)]-(-) + 

^) — }—7y^~^"^ is Gevrey of multi-order s along y = 0. 
Mm 1! 

k+me-Dk 
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3) Y\ i^j + 'iTT-jV- '^^'y'^^'" is Gevrey of multi- order s along y = 0. 

k+mg-Dk j=d+l 

In particular, fors = {sd+i, ■ ■ ■ , Sn) with Si = l — \bi\, i = d+1. . . . ,n, 1),2) and 
3) are satisfied. Moreover, 1), 2) and 3) are also equivalent if we write order s 
instead o/ multi-order s and all these series are Gevrey of order s = max{l — 

i 

Proof \Ja e C, Vm G N with 7^ there exists C, > such that: 

C™|H„|<m!<|[a]^|D- (3) 

For the proof of ^ it is enough to consider Cm := and see that 

hnim^oo |cm+i/cm| = 1- The proof for ^ with a + m instead of a is analogous. 
It follows that 1) and 2) are equivalent. 

We can use Stirling's formula m! ~ \/2iim{m/ e)^ in order to prove that 
Vm G N, Vg G Q+ with qm G N, there exist C", D' > {) verifying: 

(C")'""^!^ < (9"^)' < {DT^^^-^ (4) 

Take A G N* such that Xb.-, G Z" for alH = c/ + 1, . . . , n. Then by (g]) we have 

((An(m) )!)^^'*' 

2) if and only if the series > --- — ; — ^ — y^^^ is Gevrey of multi-order 
s along y = 0. 

For the rest of the proof we assume for simplicity that Z?k ^ (k+N"'~'^)nN"~'^. 
The equivalence of 2) and 3) can be proven without this assumption but it is 
necessary to distinguish more cases. 

Observe that AM(m)+ — \u{ra)^ = J2^=d+i ~ Sr=d+i 

M(m)+,M(m)_,^"^^_^^ A(6i)+mi,X;r=<i+i'^(^i)-"^i ^ However, u{m)+,u{m)^ 
have disjoint supports while, in general, J27=d+i ■^i^i) Yl^=d+i ^(^i) 
do not. 

On the other hand, for all m, n G N with n < m we have that: 

{m-n)\ < — <2'^(m-n)\ (5) 
n! 

Then by (j5]) we have 2) if and only if 
is Gevrey of multi-order s along y = 0. 
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If we replace m by m + n in ([5j) and multiply by n! we obtain a formula that 
can be generalized by induction. We obtain that Vm^+i, . . . , m„ G N there exist 
C", D" > such that: 

A combination of (I7j) and (jlj) proves that 3) holds if and only if ([6]) is Gevrey 
of multi-order s along y = 0. 

Finally, it is clear that 3) is true for Si = 1 — \bi\, i = d + 1, . . . ,n. □ 

Remark 3.10. From the proof of the equivalence of 1) and 2) in Lemma \3. 9[ it 
can be deduced that after applying ps to the series in 1) there exists an open set 
W such that this series converges in W and ^ W does not depend on v but in 
D, - k. 

Consider s = {sj)j^a- with 

Sj := \A-'^aj\, ] 
and s = maxj{sj} throughout this section. 
Lemma 3.11. For all k G N"~'^ the series 

t 

is Gevrey of multi-order s along y = G C"~'^. Moreover, if 13 is very generic 
then it has Gevrey index s along y = E C^~'^. 

Proof. It follows from Lemma [3l9l (if we take bd+i equal to the 2-th column of 5^, 
-Dk = and v = v^) that is Gevrey of multi-order s along y = 0. 

If f3 is very generic we have that S'k = Ak and it is obvious that the series in 
3) of Lemma 13.91 has Gevrey index s in this case. □ 

Corollary 3.12. The series (j)^ is Gevrey of multi-order s = (sj)^^^ along Y„ at 
any point of Y„ fl {xi 7^ : z G cr}. If (3 is very generic then it is Gevrey with 
index s along Y^. 

Proof. If we take y = {yj)j^a with yj := Xa^" ""^Xj, j ^ a, then 0^(a;) = 
l^ip^^^y) and the result follows from Lemma [3.111 □ 

Example 3.13. (Continuation of Example \3.^) We have that 



, k Hm)- k+m 



ps[(PvO) =Xl X2' 



Pi 02/2 \^ [(^l]&m ml 



rn>0 ^ ' \ 1 ^ 
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It is easy to see that ps{4>vo) has a nonempty domain of convergence if and only 
if s > 7/2 when /?i,/92/2 ^ N (use D'Alembert criterion for the series in one 
variable y = x|/(xfx2)y'. Then 0„o is a Gevrey series solution of JUa^P) with 
index s = 7/2 along = {x^ = 0} at any point o/Fo-n{xiX2 0}. Nevertheless, 
(p^o is a finite sum if either /5i G N or /52/2 G N and so it has the same convergence 
domain as the (multi-valued) function xf^xf^^^. // both (3i,(32/2 G N, then 0„o is 
a polynomial. 

Analogously, is a Gevrey series solution of order s = 7/2 along Y„ at any 
point ofYa n {xiX2 7^ 0}. It has Gevrey index s = 7/2 if Pi — 3, {P2 — l)/2 ^ N 
and it is convergent in other case. 

Notice that s = 7/2 is the unique algebraic slope 0/ A^^(/3) along Y„ = {x^ = 
0} atOe (see fE^ or [TJ^). 

The convergence domain of pl{^^) contains {y G C'"~'^ : \yj\ < R, j ^ a} for 
certain R> 0. In particular, p'^{(f)^k) converges in 

{x G C" : JJx, ^ 0, \xj\ < Rlxf'^^l, Vj ^ a}. 

The unique hyperplane that contains a is 

H^ = {yeW': \A-'y\ = 1} 

and we denote by H~ := {y G M"' : \A~^y\ < 1} (resp. by iJ+ := {y G M'' : 
|y4~^y| > 1}) the open affine half-space that contains (resp. does not contain) 
the origin G M'^. 

Recall that s = (sj)j^o- where Si = \A~^ai\ is the unique rational number such 
that Qi/si G H^. Moreover, Si > 1 (resp. Si < 1) if and only if aj G (resp. 
tti G II~). Taking the set 

r = {z : a, ^ H^} 
and s' = {si)i^r we have that pl,{(f)^k) converges in the open set 

U'^ := {x G C" : Y[xi ^ 0, |xj| < Rlxf'"^], Va^ G {H^ \a)U H+}. 

This implies that (/)„k is Gevrey of multi-order s' along Y^ at any point of U'^ fl Y^-. 
Then, if we consider 

:= {x G C" : Y[xi 0, |xj| < Rlxf'"^], ^aj e H^\a} (8) 
the following result is obtained. 
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Theorem 3.14. For any set z; with cr ^ <i the series 



,kl 



\^ F jM(m)_ ^i.''+M(m) 



k+me5k 

is a Gevrey series solution of Ai^iP) of order s = max{sj = |y4~^aj| : i ^ a} 
along at any point ofY^ fl Ucr- If {3 is very generic then s is its Gevrey index. 

Remark 3.15. If Ha- Ci {ai : i = 1, . . . ,n} = a then Ua = {Yliea^i 0}- 

Remark 3.16. Recall that in Theorem \3.14\ the vector = {A~^{/3 — Aak),k) 
has minimal negative support because we have chosen k G Ak this way. This 
guarantees that (p^k is a solution o/ A^a(/?)- However, this series is also Gevrey 
of order s when k does not satisfy this condition. 



4 Slopes of AiA^P) associated with a simplex 

In the context of Section [3] we fix a simplex a C A with det^Aa) 7^ and consider 
s = (si)i^o- where Sj = |/l~-'^aj|. We consider t = {j : aj ^ H^} ^ a and the 
coordinate subspace Yr = {xj = : j ^ r} in this section. 

Our purpose here is to construct one nonzero Gevrey series solution of A^^(/3) 
in (Cx|yr('5)/C'x|y^(< s))p for p E Y^- H Ua with support contained in the set 
Ak C p^"-^ in the partition of N"^'^ (see Remark l3.4p for all /3 G C"^. In particular 
we will prove the following result: 

Proposition 4.1. For s = max{sj = |yl~-'^ai| : i ^ a}, for all p E Yr H Ua and 
for all 13 e C^.- 

diTxi{nomv{MA{P),Ox\YM/Ox\Yr{< s)))p > voW(A^). 

As a consequence of Proposition 14.11 and Lemma 12. 6[ we obtain the following 
result that justifies the name of this section: 

Corollary 4.2. IfYr is a coordinate hyperplane (equivalently, the cardinal of t 
is n — 1) and s = {A'^^a^l > 1 then s is an analytic slope of Ai^iP) along Y^ at 
any point in the closure of Y^- ClUa. 

Remark 4.3. By Theorem \3.14\ we only need Lemma \2. (A for the proof of Gorol- 
lary \4.S\ if f3 is not very generic. 

Remark 4.4. Observe that is in the closure ofY^ fl Ua. However, by Remark 



2.1\ we have that s is a slope along Y^ at any point ofY^. 
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Remark 4.5. Corollary \4.S\ uses thatYr has codimension one because the analytic 
slopes along are not defined if the codimension is greater. However, a good 
definition for the analytic slopes of a holonomic V-module along a variety Z 
of codimension greater than 1 should include the indices of the Gevrey series 
solutions of J^a{(3) along Z. One reason is that {7i°(Irr^^(A^))}s>i determines 
a Gevrey filtration ci/7i°(Irr^(A^)), although {Irr^''(A4)}s>i does not determine 
in general a filtration of\iiz{-M.)- 

Let us proceed with the construction of the announced series and the proof 
of Proposition 14.11 

We identify k + m G N""'' with v^^"^ = {A-\(3 - A^{k + m)),k + m) G 
X and estabhsh a partition of Ak in terms of the negative support of the 
vector v^~^"^ G x as follows. For any subset r/ C a set: 

Ak.r, := {k + m G Ak : nsnpp{A^\(3 - A^{k + m))) = r]}. 
Consider the set 

^^k:={r/Ca: Ak,^ 7^ 0}. 

Then it is clear that {Ak,,, : rj G f2k} is a partition of Ak. Moreover Ak,r; is the 
intersection of a polytope with Ak because the conditions 

nsupp{A-\(3 - A^{k + m.))) = r] 

are equivalent to inequalities of type: 

iA-\(3-A^{k + in))),<0 

for i G 77 and 

(V(/3-A^(k + m))), >0 
for j ^r] such that - A-sii))j G Z. 

For any ?7 G fik the series 0^,k+m for k + m G Ak,,, depends on Ak,,, but not on 
k + m G Ak,;, up to multiplication by nonzero scalars. Let us fix any k G Ak,,, 
and define: 

0k,,, ■=<Py^- 

Observe that the support of the series </)k,,, is: 

supp(0k,„) = {v^^"" : k + m G Ak, J. 

If the set r2k has only one element rj then Ak = Ak,,, and the series 0^ = </)k,,, 
is a nonzero Gevrey series solution of A^a(/5) in Ox\Yr{^) \ C^x\Yr{< s) at any 
point of Yr n Ua (see Theorem 13. 14p . 
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All the series in the finite set {0k,r/ '■ k G -q G fik} are Gevrey series along 

Y„ = {xi = : i ^ cr} with multi-order s at points of Yg- fl {xj 7^ : j G a}. In 
fact, these series are Gevrey of order s along at any point of Yr fl 11^ and they 
are all annihilated by the Euler operators. 

For all T] G fik, the support of the series 0k,»7 is supp(0k,r;) = {v^~^"^ : k + m G 
Ak,,y} and Ur^gf^^Ak,,; = Ak. Then there exists r] E fl^ such that (/)k,r; G Ox\Yr{s) 
has Gevrey index s. But a series 0^ is annihilated by I a if and only if v has 
minimal negative support (see [21], Section 3.4.) so if we take t]' G r2k with 
minimal cardinal then </)k,,y' G Cx|y^(s) is a solution of A^a(/5). In general, we 
cannot take 77 = 77'. 

The following Lemma is the key of the proof of Proposition 14. 1[ 

Lemma 4.6. Consider an element rj of the set 

{v' ^ '■ 0k,r)' has Gevrey index s} 

with minimal cardinal. Then □u(0k.r?) ^ C>x\Yr{< ^) f^'^ ^ La- 

Proof. Consider A^,,; with 77 as above and u G La- Then there exists m G 
such that u = {—A~^A-^m, m) and then 

□ = Qm+ _ Q{A^^A-{h)+Qin- 

On the other hand, the series 0k,r? has the form: 

0k,, = Ck+^xf^(^-^-(''+-))xr'" 

k+meAk,,, 

where Ck+m £ C verifies that Ck+m+m/ck+m is a rational function on m (recall 
that there exists k G Afc„ such that Ck+m = < k+mr^''t"''~ by definition of 0k n)- 

A monomial x^''^'"""" = appearing in □„(0k,r;) comes from the 

monomials x^^^"^ and 3;^''^'"^'" after one applies and 9"+ respectively. 

Ifk + m, k + m + fnG A^,,; then the monomial x^^^"""^- appears in d^^ {(pk,rj) 
and 9"+(0k.r?) with the same coefficients so it doesn't appear in the difference. 

If k + m G Ak^^ but k + m + m ^ A^,^ (the case k + m ^ A^^^ but k + m + m G 
Ak,,, is analogous), we can distinguish two cases: 

1) There exists i such that vf^"^ G N but vf+"'+^ < so = vf+'^+^ - 
v^~^"^ < 0. Then d^-{x^'^^"') = and x^^^"^"'^- does not appear in □^(^k.ry)- 
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2) We have nsupp(t;''+'"+'") = <; C nsupp(t;''+'") = r]. Then ^ and 

the coefficient of x^''^'"""- in □u(</)k,r?) is Ck+m[f'*^"^]M_ 7^ 0. Furthermore, 
k + m + m G Ak,c with ^ G fik such that 0k,,; is Gevrey of index s' < s 
because we chose rj that way. 

By 1), 2) and the analogous cases when k + m ^ Ak,,, but k + m + m G Ak,?;, 
we have: 

□n(0k,,) =J2 E Ck+„.+fi.b'^+"^+'^]„^X^''^""^^-'^+- 



f' k+m+meAjjjj 

E E ck+„.[t''^+-]„_^"'''"--- (9) 



k+m+ffiGAk,,; 

Here, C varies in a subset of the finite set fik whose elements ^" verify that 
the series 0k,f" has Gevrey index s" < s. Let us denote by < s the maximum 
of these s". 

Since Ck+m+m/ck+m, and [f '^''''"^™]«+ are rational functions on m 

the series □„(0k,»y) has Gevrey index at most the maximum of the Gevrey index 
of the series 

E E Ck+n.X^'^"'"""-^- 

f' k+m+mGAj. ,j 

/ ^ / ^ Ck+m+ma- 

<; k+mgAi^_,j 

k+m+riisAk 

which is at most 's < s. 

It follows that lA{<Pk,ri) G Ox|yr(< s) while 0k,,y has Gevrey index s. □ 

Moreover the classes of the series {0k,»yk • ^ ^ N""''} (with ?7k G fik chosen as 
rj in Lemma 1^6!) in (Cx|Y^(s)/Cjsc|y^(< s))p, p G FT-Hf/o-, are linearly independent 
since the support of 0k,?7 restricted to the variables Xi with ? ^ cr is Ak,r,^ C Ak 
and {Ak : k G N""''} is a partition of M"""^. This finishes the proof of Proposition 

m 



5 Slopes of A^a(/5) along coordinate hyperplanes 

In this section we will describe all the slopes of A4a{P) along coordinate hyper- 
planes. First, we recall here the definition of (A, L)-umbrella [25], but we will 
slightly modify the notation in [25] for technical reasons. Consider any full rank 
matrix A = {ai ■ ■ ■ an) G Z'^^" and s = (si, . . . , s„) G ]R>o- 
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Definition 5.1. Set := aj/sj, j = 1, . . . ,n, and let 



conv({a| : i = 1 



,...,n}U{0}) 



be the so-called {A, s) -polyhedron. 

The {A, s) -umbrella is the set of faces of A\ which do not contain the 
origin. ^^"^ C $^ denotes the subset of faces of dimension q for q = 0, . . . ,d — 1. 

The following statement is [25l Lemma 2.13]. The difference here is that we 
do not assume that A is pointed but we just consider s G M" such that Sj > 
for alH = 1, . . . , n. For this reason we slightly modify a part of the proof of [251 
Lemma 2.13]. 

Lemma 5.2. Let I\ be the ideal o/C[^i, . . . ,C,n\ generated by the following ele- 
ments: 

^) ^ii ■ ■ ■ ^ir where Oj^/sj^, . . . , ai^/si^ do not lie in a common facet of 
a) C,'^+ — where u G keizA and supp(u) is contained in a facet o/$^. 



Proof. The proofs of [25l Lemma 2.12] and [251 Lemma 2.13] use [251 Lemma 
2.8] and [25], Lemma 2.10], but they do no use that A is pointed elsewhere. 
We rewrite here the proofs of [251 Lemma 2.8] and [251 Lemma 2.10] without 
the pointed assumption on A but for s G ]R"o- Let us prove in particular that 



For the proof of the inclusion ins(/yi) C we only need to prove that Vm G 
with Au = then ins(n„) G 1%. 

If supp(n) C r G then 3/;,^ G Q"' such that {h^-jai/si) = 1, Vz G r, i.e., 
{Ht-, Qi) = Si, \/i G r. Since Au = and supp(u) C r we have 



so ins(n„) = — C,^' which lies in by definition. 

Assume there exists r G $^ such that supp(n4.) C r and supp(u_) C r' for 
any r' G hr{ai) = Si \/i E t but hr{aj) < Si'ii ^ r. Since Au = then 
Au^ = Au- and by the assumption 



Then 1% = y^mJjA). 



ins (/a) C C Vm:(7^. 



n 




n 



n 



^Si{u+)i = {h^A,u+) = {h^,Au^) = {h^,AuJ) < 



^Si{u^)i 



i=l 



i=l 
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so ins(nu) = is a multiple of J^J^ which is an element of the type of 

jgsupp{?i_) 

i) by assumption. 

The case supp(M_) C r and supp(M_) C r' for any r' G <I>^ is analogous to the 
previous case. If there is no face containing supp(M+) nor supp(M_) it is trivial 
that ^'^+,$,^+ G 1% and so — G 1%. Finally, since Au^ = Au^ it is not 
possible that ^ = supp(M+) C r and q' = supp(n_) C r' for any r, r' G ^^''"^ 
such that r ^ r' (because this implies that pos(^) fl pos(^') = {0}). 

Let us prove the inclusion I\ C ^J^mJY^. It is clear that the elements of type 
m) lies in 'vHsijA) ^ \p^^^Jj^ so we only need to proof that the elements of type 
i) belong to 

If tti^l Si^, . . . , tti^l Si^ do not lie in a common facet of $^ then 3a such that: 

(1) a G conv(aj^/sij, . . . ,ai^/sij. 

(2) a lies in the interior of A^. 
By (1) we can write: 

r 

i=i 

with = 1 aiid > 0, Vj. 

And by (2) there exists t > 1 such that ta still belongs to and we can 
write: 

n 
i=l 

with J2j Vj = 1 Vj ^j- 

Finally we put together both equalities and get: 

r n 
i=l 1=1 

Then there exists A G N* such that 

r n 

^ = 11^?''^'' -H^i''^'' g/a 

and the s-degree of the first monomial is \t while the s-degree of the second 
monomial is A so ius 

{P) = 11^=1 '9^*''^'' e ins(/A). This implies that ii, ■ ■ - ^ e 

\/ins(/yi). 
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□ 



Let r C {1, . . . , n} be a set with cardinal / > and consider the coordinate 
subspace = {xi = : i ^ r} with dimension /. 

The special filtration 

Ls ■.= F + {s-l)Vr 

with s > 1 is an intermediate filtration between the filtration F by the order of 
the differential operators and the Malgrange-Kashiwara filtration with respect to 
Yr that we denote by Vr- Recall that Vr is associated with the weights —1 for 
the variables Xy, 1 for dr and for the rest of the variables. 

We shall identify s G ]R>o with (si,...,s„) throughout this section, where 
Sj = 1 if z G r and Sj = s if i ^ r. Then {Ls)n+j = Sj for all j = 1, . . . , n. 

Lemma 5.3. Assume s > 1 is such that $^ = ^^j^^ = for sufficiently small 
e > 0. Then the ideal I\ is homogeneous with respect to F and Vr- In particular 
+ {Ax.^)) is a bi-homogeneous variety in C^". 

Proof. We only need to prove that the elements in Lemma 15.2^ ii), are bi- 
homogeneous. From the proof of Lemma 15.21 we deduce that they are L^-homo- 
geneous. By assumption we have that they are also {Lg ± eK-)-homogeneous for 
all e > small enough. Since Lg ± eVr = F + {s ± e — l)Vr we obtain that they 
are F-homogeneous and V^-homogeneous. □ 

Lemma 5.4. dimc(V(inL^(J^)) n V(Ax^)) < n. 

Proof. Let uj e M"o tie a generic weight vector such that m^{mL^{lA)) is a mono- 
mial ideal. For e > small enough in^(ini^(Jyi)) = in^^lA) for u; = s -|- ecu G ]R"o- 

Choose any monomial order < in C[x, ^] that refines the partial order given by 
{u,v) := (1 — ecji, . . . , 1 — eUn] eui, . . . , eUn) G M^*^. It is clear that m(^u,v){Ax^)i = 
{Ax^)i ioT all i = 1, . . . ,d and that in(„^t,)(ini^(/yi)) = in^(J^). Then 

ins(JA) + {AxO C in(,,,)(ini,(/A) + (Ax^) 
and so we have that: 



E^imLM + {A^O) = F<(in(.,„)(ini,(JA) + {AxO)) 3 ^<(in^(/A) + {A^O) 

(10) 

where E<(/) := {(0,7) G N^" : in<(P) = c„,^x"^t, P G / \ {0}} for any ideal 
/ C C[x, The inclusion f llOp implies that the KruU dimension of the residue 
ring C[x, ^]/(in/,^(Jyi) + (Ax^)) is at most the one of C[x, ^]/(in^(JA) + (^x^)). 

Then it is enough to prove that C[x, ^]/ (in^(J^) + (Ax^)) has KruU dimension 
n. Since M = m^{Ij^) is a monomial ideal then: 
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where S{M) denotes the set of standard pairs of M (see [241 Section 3.2]). This 
imphes that 

V(ins(/A) + (AxO) = U(a.,,)e5(A/)V((0 ■■ 3i<y) + {Axi)). 

By [2^ Corollary 3.2.9.], the columns of A indexed by a are linearly independent 
when [d^, a) G S{M), so the dimension of each component 

V((0 : J^a) + {AxO) = V((0 ■■ J^a) + {x,i, : j G a)) 

is n. □ 

Lemma 5.5. Under the assumptions of lemma 15.51 we have that s is not an 
algebraic slope of M.a{I3) along at any point ofY^-. 

Proof. We know that: 



C\i\MAm = V{^/inLAHAm) ^ V(v/inL.(/A)) n V(AxO = V(/l + (Ax^)- 

Hence the s-characteristic variety of M.a{(3) is contained in a bi-homogeneous 
variety of dimension at most n when the assumptions in Lemma 15.31 are satis- 
fied. Since C\i^{M.a{13)) is known to be purely n-dimensional, each irreducible 
component is an irreducible component of V(/^ + {Ax.^)) and so it is also bi- 
homogeneous. Moreover, this is true not only at the origin x = G M" but also 
at any point of Yr because = for z G r and Yj. = {xi = : i ^ r}. Then s 
is not an algebraic slope of A4a{P) along Y^- at any point of Y^-. □ 



Remark 5.6. Observe that after the proof of Lemma \5.5\ we have the equality 



m 



Lemma 5.4 



Remark 5.7. A consequence of Lemma \5.5\ is that A4a{P) has no algebraic slopes 
along G M" atO. 

Example 5.8. Let A = (ai 02 as 04) be the non-pointed matrix with columns 
I \ f 0\ f -3\ f 2 



and consider the associated hypergeometric system: 

Ha{(3) = Ia + {xidi - 3x383 + 2x4^4 - -xidi + X2C?2 - 2x3^3 + 2x4^4 - (32) 
where Ia = {81828384^ - 1, 8i8l - 838I, 8l&l - 9|) and Pi, P2 e C. 
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From Lemma 15.51 we deduce that there is not any algebraic slope along a co- 
ordinate subspace different from Y = {x2 = 0} and Z = {x^ = 0}. By Corollary 
4-2 and using again Lemma \5. 51 we know that the unique slope of M.a{I3) along 
Y is \A~^a2\ = 5/2 with a = {3,4} and that the unique slope of M.a{(3) along 
Z is \A^^a/i\ = 6 with a = {1,2}. Notice that 202/6 lies in the affine line pass- 
ing through 03 and 04 (see Figure 1) and that O4/6 lies in the affine line passing 
through Oi and 02 (see Figure 2). We also can construct vo1za(^(t) = 2 Gevrey 
solutions of M.a{P) along Y (it is analogous for Z ) as follows. 



The matrix B^r is 



( 



B„ 




1 



and we consider the vectors 



1 

2 

V5/2 -3/2/ 
(0,0, 



-1 



(0, 0, -A + ^2, -A + W2) and 



= (0, 1, A-\(3 - 02)) = (0, 1, -A + /32 - 1, -I3i + |(/52 - 1)). 

// none of Pi — P2,—Pi + |/^2 and ~(3i + |(/32 — 1) are integers then the 
series 0^,1 and 0^2 are Gevrey series solutions along Y of A4a{P) with index 5/2 
at any point of Y H {xiX2 7^ 0}. In other case, we can replace the vectors by 
yt,k ._ 1^;* _|_ /^(^Q^ ~3/2) with k G N\2N big enough in order to obtain Gevrey 

solutions (f)i,i,k of M.a{P) modulo convergent series at any point of Y \^{xiX2 7^ 0} 
with index 5/2. 

Denote for s > 1: 

n^f^ = {o- C r : det(A^) ^ 0, max{|yl;;^Oi| : z ^ r} = s, |A~^Oj| < l,Vj G r}. 
Then we have the following result. 

Lemma 5.9. If a e f^jf ' ^ then for all p G K H U„: 

1) Sq is the Gevrey index of a solution of M.a{/3) in ^x\y p /^'^ '^^''^V generic 
parameters /3 G C^. 
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2) So is the Gevrey index of a solution of JUa^P) in O ^/ Ox\Y^{<so),p for 
all /3 e C^. 

3) IfYr is a hyperplane, then Sq is the Gevrey index of a solution of J^a{P) 
m O^^JOx\Yr,pfor all P EC". 

Proof. We consider any a G fig'). If/3 is very generic the Gevrey series solutions 
of along Y^- associated with a, {0^}k (see Section [3]), have Gevrey index 

So = max{|yl~^aj| : z G r} along Y^- a.t p E Yr H U^,. If [3 is not very generic we 
can proceed as in Section H] in order to construct a Gevrey series associated with 
a with index sq which is a solution of M.a[[3) in (Cx|y(so)/C^x|y(< -^o))? for all 
p G Y r\Ufj. By a similar argument to the one in the proof of Lemma 12.61 the 
result is obtained. □ 

Assume that F is a coordinate hyperplane for the remainder of this section. 
We can reorder the variables so that Y = {x„ = 0}. 

In the following result the equivalence of 3) and 4) is a particular case of 
the Comparison Theorem of the slopes [16]. However, we just need to use this 
theorem for the implication 3) =^ 4). 

Theorem 5.10. For allp eY the following statements are equivalent: 

1 ) jumps at s = So. 

2) n'y'^ ^ 0. 

3) So is an analytic slope of M^iP) along Y at p. 

4) So is an algebraic slope of M.a{I3) along Y at p. 

Proof. We will prove first the equivalence of 1) and 2). Assume there exists 
a E fiy°) 7^ 0, then H„ = {y E M!^ : \A~^y\ = 1} is the only hyperplane 
containing for alH G cr and |y4~^(a„/ (so + e))| = Sq/ (so + e) < 1, Ve > 0. Hence 
an/ So E H„ but a„/(so + e) ^ H^, Ve > 0. 

Consider rj = {i : ai E H„}, then rj E <l'^^'^''^~^, Ve > and n ^ rj while 
77 U {n} E so $^ jumps at s = Sq. 

Conversely if n^y"^ = then Vfj C {1, 2, . . . , n - 1} such that \A-^ai\ < 1 for 
alH = 1, . . . , 77, — 1 we have |74~-'^a„| < sq ot \A~^an\ > so- 

Consider e > small enough such that |yl~^a„| < Sq ± e if |A~^a„| < sq and 
|A~^a„| > So ± e if |A~'^a„| > so for all simplices a such that |A^^aj| < 1 for all 
i = 1, . . . ,n — 1. 

Let us prove that = 
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Assume first that ?i^?7C{l,...,n}. Then: 

T] G <l>^''^~"'^ <^=^ 3(7 C such that I^^T-'^ail = 1 for i G 77, |A~-'^ai| < 1 for 

1 ^ 7] U {n} and |A~^a„| < Sq <^=^ 3cr C 77 such that |y4~^aj| = 1 for i G 77, 
\A^^ai\ < 1 for i ^ rjU {n} and \A~^an\ < Sq ± e <^ rj G <l>^'"^'''^"\ 

If n G 77 C {1, . . . ,?T,} and dim(conv(?7 \ {n})) = d — 1 then there exists a 
simplex o" C r/ \ {n} such that det(Ao-) 7^ 0. Then 77 ^ ^^'''"^ because in such 
a case |A~^aj| < 1 for all i ^ n, {A'-^anl — ^0 and so a G ^y°\ a contradiction. 
Moreover 77 ^ ,|,«o±<:,(i-i e > small enough because \A~^ dfi I IS cL fixed value 
while So ± e varies with e. 

Finally, if 7t, G 7/ C {1, ... ,71} and dim(conv(7/\{7i})) < d — 1 then there exists 
a hyperplane if' = {y G M*^ : /i'(y) = 0} that contains G M'^ and for all 

2 G 7/ \ {72}. We also can choose the linear function h' in the definition of H' such 
that h'{an) = 1- In this case: 

^ g $^o,d-i ^ ^ \ {^} g $^o,d-2 g^/, = {y g . /^"(y) = 1} such 

that h"{ai) = 1 for i G 7/ \ {7^}, h"{an) = Sq and h"{aj) < 1 for j ^ 7/. This 
imply for h := /i" ± e/i' that h{ai) = 1 for all i G 7/ \ {7^}, /i(a„) = Sq ± e and 
h{aj) = h"{aj) ±eh'{aj) < 1 for j ^ f] and e > small enough because h"{aj) < 1 
for j ^ 77. Hence rj G <|)^o='=^''^~i. 

We have proved that ^^^'"'"^ C This implies equality since they are 

{A, s)-umbrellas of the same matrix A and s > for s = Sq and s = Sq ± e (in 
particular U^g^s,d-i pos(7/) = pos(/l) do not depends on s > 0). Moreover, the 

{A, s)-umbrellas are determined by their facets, so $^ = 

The implication 2) =^ 3) is a direct consequence of Lemma 15.91 if p belongs 
to the closure of Y (lUa for some a G fly"^ (for example, if p = 0). Nevertheless, 
since the analytic slopes are found in relatively open subsets of the hyperplane 
Y we can use the constructibility of the slopes in order to prove the result at 
any point of Y (see Remark 12. 7p . For the implication 3) =^ 4) we use the 
Comparison Theorem of the slopes Finally, the implication 4) =>■ 1) is 

nothing but Lemma 15.51 □ 

Remark 5.11. Notice that if Y is a coordinate hyperplane then every algebraic 
slope So of A4a{(3) along Y is the Gevrey index of certain Gevrey solutions of 
A4a{P) along Y modulo convergent series. Example 15. 12\ shows that this is not 
true for coordinate subspaces of codimension greater than one. 

Example 5.12. Let A^^(/3) be the hypergeometric V-module associated with the 
matrix 
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and the parameter vector j3 & . In this case n = ?> = d + 1 and so the toric 
ideal is principal I a = {df — 8283). 



02 

l«2 




Figure 4 



If we take Y = {x2 = X3 = 0} then the only algebraic slope of A4a{P) along 
Y at p & Y is Sq = 3/2 (observe Figure 4 (ii^d see since A is pointed). 
Nevertheless, we will prove that Z//52 ^ Z then for alls>l, n^{lTT{^\MA{P)) = 
0; 

For any formal series f = J2rneN^ fm{xi)x^^x^^ along Y at p = (pi, 0, 0) G F 
then 

{E2 - mf) = 5^ (^^2 - ^3 - /92)/™(xi)xra^r 

mGN^ 

and hence (E2 — /?2)(/) € Ox,p (resp. {E2 — P2){f) = 0) if and only if f ^ ^x,p 
(resp. f = 0) because (m2 — — P2) 7^ 0, \/m2,m^ G N. 

On the other hand, if (32 G Z we can take G N the minimum natural number 
such that V = — 3k, (^2 + k,k) G C x has minimal negative support. Since 
Av = (3 then 



k\[(ii — S/c Jsm ^p^-z{k+m) ^P2+k+m ^k+r. 

m>0 



is a formal solution of A4a{P) along Y at any point p eY with pi 7^ 0. In fact (f>y 
has Gevrey index sq = 3/2 if Pi— 3k ^ N and it is a polynomial when Pi — 3k G N. 
In this last case, if we consider v' = v + k'u with u = (—3, 1, 1) G La and k' 
such that v'l < then (p^r is a Gevrey series of index sq and P{((>v') is convergent 
along Y at any point p eY \ {0}. 

So the algebraic slope appears as the index of a Gevrey series solution along 
Y of A4a{P) if o,nd only if P2 G Z. Observe that "the special parameters" are 
not contained in a Zariski closed set but in a countable union of them. Note also 
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that Ia is Cohen- Macaulay and then it is known that the set of rank-jumping 
parameters is empty. 

6 Regular Triangulations and (A, s)-umbrellas 

The aims of this section are to compare the notion of (A, s)-umbrella in [25] with 
the one of regular triangulation of the matrix A (see for example [26]), to show 
that the common domain of definition of the constructed Gevrey series solutions 
0^ is nonempty when a varies in a regular triangulation and to prove the existence 
of convenient regular triangulations. 

For any subset a C we will write pos(cr) = ^^g^M>oaj C W^. 

Recall that we identify a with {oj : i G a}. 

Definition 6.1. A triangulation of A is a set T whose elements are subsets of 
columns of A verifying: 

1) {pos(cr) : (T G T} zs a simplicial fan. 

2) pos(A) = Uo-eT Pos((t). 

A vector uj G defines a collection of subsets of columns of A as follows: 
c C {ai, . . . , a„} belongs to if there exists a vector c G M*^ such that 

(c, aj) = Uj for all j G cr 

and 

(c, Qj) < ujj for all j ^ a. 

Remark 6.2. We will say that uj E MT" is generic when the collection T^^ is a 
simplicial complex and a triangulation of A. 

Definition 6.3. A triangulation T is said to he regular if there exists a generic 
G M" such that T = T^. 

Observe that the collection {pos(cr) : a G is a polyhedral fan. When 
s G M"o is generic it is a simplicial fan and so $^ is a triangulation of A. In fact 
it is a regular triangulation because for any s G ]R"g we have that <l>^ = Tg: 

cr G $^ 3c G M'^l (c, Oi/sj) = 1, Vi G a, and {c,ai/si) < 1, Vi ^ a <^==^> 
3c| (c, flj) = Si, Vi G 0" and (c, Oj) < Sj, Wi ^ a <^=^ a G Tg. 

Given a. {d — l)-simplex a G there exists c G M*^ such that cAcr = oj^ and 
cA-^ < uj-^. This is equivalent to: 

c = u„A~^ , UaA'^A-^ < u-ff. 
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But this happens if and only if c<j G C(cr) := {u G M"" : ujBcr > 0} which is an 
open convex polyhedral rational cone of dimension n. Then we can write 

= {cu G M" : a G T^} 

and for any regular triangulation T = T^^,, we have 

cuo G C(T) := fl Cia). 

Hence C(T) = {u & M" : = T} is a nonempty open rational convex polyhe- 
dral cone. It is clear that UtC(T) = M" where T runs over all regular triangula- 
tions of A and C(T) denotes the Euclidean closure of C(T). More precisely, there 
exists a polyhedral fan with support such that T^^ is constant for u G run- 
ning in any relatively open cone of this polyhedral fan. We also can restrict this 
fan to ]R"q and obtain that the [A, s)-umbrella is constant for s G IR^q running 
in any relatively open cone. 

Recall from (jH]) that 

U^ = {xe C" : JJ 7^ 0, (- log |a;i|, . . . , - log \xn\)B^j > - log R, Va^ G H^\a} 

where B^^ j is the j-th column of i.e. the vector with a-coordinates —A~^aj 
and ^-coordinates equal to the j-th column of the identity matrix of order n — d. 
Then contains those points x G C" fl {nieo- ^H^^} for which 

(-log|xi|,...,-log|x„|) 

lies in a sufficiently far translation of the cone C(o") inside itself. Then for 
any regular triangulation T of A we have that r\ae'vUa is a nonempty open set 
since it contains those points x G C" fl {Iligcr^* 7^ • cr G T} for which 
(— log |xi|, . . . , — log \xn\) G M" lies in a sufficiently far translation of the nonempty 
open cone C(T) inside itself. 

Lemma 6.4. Given a full rank matrix A G 7/^"^ with d <n and a lattice A with 
A C A C Z'' there exists a regular triangulation T of A such that 

vo1a(A^)= ^oIa(A^) (11) 

creT,dimo-=d-l 

Proof. The volume function with respect to a lattice A is nothing but the Eu- 
clidean volume function normalized so that the unit simplex in A has volume one. 
Hence, it is enough to proof the result for the Euclidean volume. 

If A is such that the facets of A^i contain exactly d columns of A, then they 
are simplicial facets and so the regular triangulation T^^ with uj = {ui, . . . ,Un) 
and Ui = 1, Vz, verifies the desired condition. 
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Assume now that there exists t & T^^ with at least cardinal d + 1. Then we 
can take i & t such that the columns of A in r \ {i} determines a hyperplane 
Ht-. Consider all the hyperplanes Hr' 7^ Hr determined by facets r' of not 
containing neither the origin nor Oj. Then lies in the interior of the polytope 
r\T-i{Hri U H~,) and so ^ti does too for e > small enough. This means that we 
do not modify the facets that not contain Oj via replacing it by j^^- The facets r' 
containing ai such that r' \ {cj} does not determine Hr' are not modified neither. 
We just modify the facets r' of A^i that contain a, and r' \ {oj} determine Hr'. 
Such a kind of facet is replaced by more than one facet with vertices contained in 
r' and hence each of the new facets contain less columns of A than the original 
one. This process finishes in a finite number of steps and yields to a polytope 
with simplicial facets. We have replaced each Oj by a-Juji with uji G ]R>o and this 
is equivalent to consider T^^ with uj = {ui, . . . ,uJn) G ]R"o- Moreover, we do not 
modify the set of vertices and thus T^^ satisfies ( TTT]) . □ 

7 Gevrey solutions of A4a{P) along coordinate 
subspaces 

7.1 Lower bound for the dimension 

In this section we provide an optimal lower bound in terms of volumes of polytopes 
of the dimension of HomxiiAiAiP), Ox\Yr{^))py s G M, for generic points p G F,- = 
{xi = 0: t^r} and for all (3 G C"'. 

Consider the submatrix A^- = {ai)i^r of A. If the rank of A^- is d then there 
exists a regular triangulation T(r) of A^. such that 

voW(A,) = vo1za(A<,) (12) 

fTgT(r),dim(T=d-l 

because of Lemma 16.41 If the rank of A^ is lower than d then this equality holds 
for any regular triangulation of the matrix Ar since all the volumes in f|T2l) are 
zero. 

In this section we shall identify s G M>o with (si, . . . , s„) such that Sj = 1 for 
i E T and Sj = s for z ^ r. Since A^ is a submatrix of A there exists a regular 
triangulation T of A such that T(r) C T. 

For all s G M we consider the following subset of T(r): 

T(r, s) := {a G T(r) : dim{a) = d-l, aj/s i Vj ^ r}. 
The following theorem is the main result in this section. 
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Theorem 7.1. For a// r C {1, . . . , n}, 

dimcnomviMA{P),0^^)p > vo1za(A,) (13) 

for p in the nonempty relatively open set VrT(r) := H (PIo-gtit) ^o-)- More 
precisely, 

(7GT(r,s) 

for alls G M and pin the nonempty relatively open set WT(^r,s) '■= '^T^idaeTir s)^^) ■ 

Proof. WT(r) ^ ^T(r,s) ^16 nonempty relatively open subsets of Y^. because T(r) 
is a regular triangulation of Ar (see Section [6]). 

For each fixed {d — l)-simplex a G T(r, s), we have that |A~^aj| < 1 for all 
j E T and |A~-^aj| < s for all j ^ t and we can construct voIza(^o-) Gevrey 
solutions of M.a{P) of order s along Yr at any point of Yr fl f/o- (see Section [3]). 
These voIza(Ao-) series {(/'^jk are linearly independent because they have pairwise 
disjoint supports. The linear independency of the set of all voIza(At-) series (p^ 
when a varies in T(r) is also clear if we assume that /3 is very generic (because 
this implies that they have pairwise disjoint supports). 

If P is not very generic some of the series could be equal up to multiplication 
by a nonzero scalar. In such a case one can proceed similarly to the proof of 
Theorem 3.5.1. in [21]: 

We introduce a perturbation /3 i— > /3 + e/?' with /5' G C"' such that /? + is 
very generic for e G C with |e| > small enough (it is enough to consider j3' G C"' 
such that {A-^f3')i ^ for z = 1, . . . , d and a G T(r)). 

Consider the set {0^ : a G T(r),k G N"^'^} with voIza(At-) Gevrey series 
solutions of J^a{P + ^P') with disjoint supports. We will denote these series by 
0^(/? + e/?') in this proof. It is clear that 0^(/5 + e/5') = 4>v^(i3+ef3') for 

Here v^{P) has cr-coordinates /l~^(/3— Ag^k) and a-coordinates k. Similarly, f°(/?') 
has cr-coordinates A~^(3' and a-coordinates 0. Let T be a regular triangulation of 
A such that T(r) C T. For any </'^(/3) we can assume without loss of generality 
that f^(/5) has minimal negative support, (/'^(/3) = (^„k(/3) and in;^(0^(/3)) = x'"''^^^ 
for a fixed generic uj G C(T). Then for two simplices a, a' G T(r) we have that 
<Pv^{P) = (f>v^',(p) if and only if v^{/3) = v^l{f3). 

Let us denote u = vo\za{^t) and consider the u linearly independent Gevrey 
series solutions of Ma{i3) along Y^ of the form 
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i>^(/3+e/3')+«(m) 

k+meAk 



where 

qk 



[t;^(/5)+6t;°(/5')]n{m). 



for cr e T(r) and k G N"^'^ verifying that = 0„k(/5). Observe that for all 

k + m G Ak we can write 



Then we have: 



k+meAk 

It is clear that gk+m(e) is a rational function on e and it has a pole of order /ik+m 
with < /ik+m < d. On the other hand e^^°g^-"'''' = ^^^^ (i°g(x^ 
can expand the series e^0^(/5 + e/3') (with = max{/ik+m} < c^) and write it in 
the form ^j>o where 4>'i{x) 7^ and <^j{x) are Gevrey solutions of 

along that converge in a common relatively open subset of for all j. 

After a reiterative process making convenient linear combinations of the se- 
ries and dividing by convenient powers of e, one obtain v Gevrey solutions of 
A^a(/3 + e/3') of the form ^j>o V'jjl^;)^"' where '?/'i,o(a^) 7^ 0, i = are 
linearly independent. Then we can substitute e = and obtain the desired u 
linearly independent Gevrey series solutions of The logarithms log(xj) 

just appear for i G a with a varying in T(r) at any step of the process. Thus 
the u = voIza(^t) final series just have logarithms log(xj) with i E t. Hence 
these series are Gevrey series solutions of M.a{.P) along at points of WT(r)- 
Moreover, it is clear that the Gevrey index cannot increase with this process. □ 

Remark 7.2. The proof of Proposition 5.2. in guarantees that all the series 



solutions obtained after the process that we mention in the proof of Theorem \7.1 
have the form 

^ gy{log{xi) : i G t)x'' 



with gviUr) 0, polynomial in C[y!^ : u G L^^] 



Remark 7.3. Theorem 7.1 generalizes [241 Theorem 3.5.1] and [27, Corollary 



1] (taking r = {1, . . . ,?7,} and s = 1 in [T^J, that establish that the holonomic 
rank of a hypergeometric system (i.e. the dimension of the space of holomorphic 
solutions at nonsingular points) is greater than or equal to voIza(Aa). A more 



32 



precise statement than l27[ Corollary 1] is given in fT7\l : the holonomic rank 
is upper semi- continuous in (3 for holonomic families, including hypergeometric 
systems A^a(/5) with A a pointed matrix. 

Remark 7.4. Different regular triangulations T(r) of A^- verifying the condition 
[W\l will produce different sets with yo\ia{^t) linearly independent solutions of 
^AA{^3) in C'jqp-p for p in pairwise disjoint open subsets Wt{t) of Yr. It is 
natural to ask whether Ut(t)W^t{t) = Yr for T(r) running over all possible regular 
triangulations T(r) of A^. verifying HI]) . We have that UT(r)C(T(r)) = M} and 
that there exists w,w' G C(T(r)) verifying two-sided Abel lemma: 

w + C(T(r)) C - Log Wr(r) <^ w' + C(T(r)) 

where Log : C' — ^ M! is the map Log(xi, ■ . . ,xi) = (log |xi|, . . . ,log This 
should be contrasted with WB^ Lemma 11]. 

Remark 7.5. // there are no more than d columns of A^ in the same facet of A^- 



then by Theorem\3. 14\ all the series above are Gevrey of the corresponding order 



along K at any point ofY^ H (n^gTMlHiea 0})- 

Remark 7.6. An anonymous referee of the paper ^ made us the following ques- 
tion. Is there some understanding how Gevrey solutions of AiA{l3) relate to so- 
lutions o/A^^h with A^ the matrix obtained from A by adding a row of 1 's 
and then a column equal to the first unit vector? The idea is to consider a regular 
triangulation T for the matrix A'^ containing a regular triangulation T(r) of A^^. 
For any simplex a G T{t), the dehomogenization (in the sense of f21\ Definition 
2]) of the holomorphic solutions (j)^ of M^h^fi^) are Gevrey solutions of Ma{(3) 
with respect to Yr. We will give more details about this subject in a forthcoming 
paper. 

7.2 Dimension for very generic parameters 

Let r C {1, . . . , n} be a subset with cardinal Z, 1 < / < n — 1, and recall that we 
denote Yr = {xi = : i ^ r}. 

The aim of this section is to prove the following result: 
Theorem 7.7. For generic p & Yr and very generic (3, 

dime Hom{MAi(3), 0^)p = voIza(A^). 



Remark 7.8. Theorem 7. 7 also implies that equality holds in for very generic 



parameters (3 E because the vo\za{^t) Gevrey series 0^ with a G T(r) have 
pairwise disjoint supports and their index along Yr is max{|y4~^aj| : j ^ t}. 
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Corollary 7.9. If (3 & is very generic then 

dimcH' {It4}{M Amp > Yl ^oIza(A.) (15) 

(jeT(T,s)\T(T,l) 

for generic p ^Y^-. 

In Section 17.11 we proved the lower bound (fT3l) by explicitly constructing 
voIza(A^) Gevrey series solutions of M.a{,[3) along Yr in certain relatively open 
subsets of Yr- Now we are going to prove that equality holds if (3 is very generic. 

Lemma 7.10. //rank(y4^) = d then 

vo1za(A,) = voW(A,)[ZA : Zr]. 

Proof. We have that voIza(A^) = '^|^°!za]^ ^"^^ volzr(A^) = ""[^tztf'' - ^^^^^ 
Zr C C Z'^ then [Z'^ : Zr] = [Z"^ : ZA][ZA : Zr] and the result is obtained. □ 

Lemma 7.11. If f = ^^gN"-' /^(^t)^;^ ^ ^'^ ^ formal solution of 

J^a{P), then fmixr) G Cy^,p «s a holomorphic solution of J^AriP — A-m) for 
all m e N'""'. 

Proof. It is clear that I a H C[dr] = Ia-t- Then for any differential operators 
P E Ia^ C C[dr] we have that 

= P(/)= ^ P{fm{Xr))x^ 

and this implies that P{fm{xr)) = for all m G N"~^ 

Let G denote the vector with coordinates 0j = Xidi for i = 1, . . . ,n. Then 
AG - /3 = ArOr + A^e^ - /3 and 

= (AG -/?)(/)= ^ (A,e. + A-m-/3)(/^(xO)a:;^ 

SO fm{xr) must be annihilated by the Euler operators At-Bt- — (/3 — A^m). □ 
Corollary 7.12. //rank(74^) < d anc? jS E is very generic then 

dimcnom{MA{l3), O^^) = 0. 

Proof. If rank(AT-) < d, then there exists a nonzero vector 7 G Q*^ such that the 
vector jAr is zero. If P is very generic {'jArOr —liP — A^m) = — 7(/9 — A^m) 7^ 
is a nonzero constant that is a linear combination of the Euler operators in the 
definition of J^A-riP — AYm) and so AiA^iP — AyTti) = 0. By Lemma 17.111 
the coefficients in Oy^,p of any formal solution / of J^a{P) in ^x\y p ^^^^ t)e 
solutions of /iAat{P ~ AYm) = 0. This implies that the coefficients of / are zero 
and so / = 0. □ 
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Remark 7.13. By Corollary \ 7.12\ we have the equality in Theorem \ 7. 7| holds 
when rank(AT-) < d. For the remainder of this section we shall assume that 
rank(yl^) = d and then I > d. 

The following Lemma is a direct consequence of results from [1] and [9]. 

Lemma 7.14. // (3 is very generic and p G Yr, then for all m G 

dimcnom{MAr{f3 - A-m), Oy,)p < voW(A,). 

Equality holds if p does not lie in the singular locus of J^A^iP) (which does not 
depend on f3 ). 

Let us consider T(r) a regular triangulation of Ar verifying ( |T2l) . 

Lemma 7.15. Any formal solution f = Y.meN^-' frn{xr)x^ e C'jq^ ^ ofMAiP), 
p G W-T^r) ^ Yt, can be written as follows: 



a ■ 

o-eT(r) mGN"-'* 



Proof. By LemmaEHabasisof7Yom(7WA,(/3-y4^m^, Oy^^p) forp G W^T(r) ^ K 
is given by the voIzt(At-) series 0^ with a running in the (c? — l)-simplices of T(r) 
and Ak running in the partition of N'"'' (see Remark 13.41 and apply it to the 
matrix A^- with / columns and o" C r). In particular we obtain that: 

<7GT{t) m^^^eN'-d 

and this implies the result. □ 

Using the partition {Ak(j) : i = l,...,r} of N""*^ (see Remark l3.4p with 
r = \LA : TLa\ we can write the formal solution in Lemma 17.151 as: 

(7GT(r) i=l k(j)+meAk(i) 

Let us denote by f(7,k(j)+m the exponent of the monomial x^" x^''^^^ . 

Since Euler operators Ei — ^i annihilate every monomial appearing in 

/ we just need to use toric operators = 9"+ — with m G L^i = ker(yl) fl 
in order prove that / is annihilated by Ha{i3) if and only if the formal series 

/ ^o-,k(i)+m-^f7 -^a 

k(i)+mGAk(i) 

is annihilated by Ha{I3) for all a G T(r) and i = 1, . . . , r. 
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This is clear because Wo-,k(i)+m — Va',k{j)+m ^ if and only if o" = cr' and i = j 
(because (3 is very generic and for fixed a we have Lemma 13.11) . Recall here that 
for u G La any pair of monomials x^, x"" verify that d^^lx"") = [v]u_x'"~'^~ and 
d'^+{x'" ) = [f'jM^x*' and x^~'^' = x'" ~"+ if and only if v — v' = u. 

Moreover, a series Ek(0+meAk(,) Ca,k(i)+ma;a" ig annihi- 

lated by Ia if and only if it is c^^''*'' for certain c G C. 

Thus we obtain that any formal solution of M.a{P) along Yr aX p & WT(r) ^ 
Yr is a linear combination of the linearly independent formal solutions 0^ with 
a G T(r) and {Afc(i) : 1 < z < voIza(A^) = [ZA : Zcr]} the partition of 
associated with a (see Remark 13.41) . That is we have a basis with cardinal: 

^ voW(A,) = ^ volzr(A,)[ZA : Zr] = voW(A,)[ZA : Zr] = vo1za(A,). 

o-eT(r) o-eT(r) 

This finishes the proof of Theorem 17. 7[ 

8 Irregularity of A^yi(/?) along coordinate hyper- 
planes under some conditions on (A, (3) 

Assume throughout this section that A is a pointed matrix such that ZA = 7/ and 
that y is a coordinate hyperplane. Then we have that the irregularity complex 
of order s, Irry^(AlA(/5)), is a perverse sheaf on Y (see [SH])- This implies in 
particular the existence of an analytic subvariety 5 C y with codimension g > 
in Y such that for aS[ p eY \ S: 

xilTT^Y\MAm))p = dim{7f{\ii^f{MAm)p) (16) 

Here x{^) = X]i>o(~-'-)* '^^^('^*(-^)) denotes the Euler-Poincare characteristic 
of a bounded constructible complex of sheaves g D|!(Cy). The characteristic 
cycle of JF G D^(Cy) is the unique lagrangian cycle 

CCh(J^) = myT*r + rn^T*Y C T*Y 

a: dim Y'(j<dim Y 

that satisfies the index formula: 

X(-F) = Eu(myr + (-l)'°'''""^'''^^rn„T^) 

a; dim ya<dim Y 

where Eu denotes the Euler's morphism between the group of cycles on Y and 
the group of constructible functions on Y with integer values. Thus by (fT6ll we 
have that for all p G F \ 5*: 
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dim{n%lTT^p{MA{mp = En{CCh{lT4\MA{m)p = my (17) 

where my is the multiphcity of T^Y in CCh(Ir4'^(A^A(/9))). 

Y. Laurent and Z. Mebkhout provided a formula in [16] to obtain the cycle 
CCh(Irry''(7\/l^(/9))) in terms of the (1 + e)-characteristic cycle and the (s + e)- 
characteristic cycle of A^a(/5) for e > small enough. Because of the corre- 
spondence established in [16] in order to compute the multiplicity my of TyY in 
CCh(Irri^^(A^^ (/?))) we only need to know the multiphcity of T^X and T^X in 
the (1 + e)-characteristic cycle of M.a{P) and the (s + e) -characteristic cycle of 
A4a{P) with respect to y for e > small enough. 

We are going to use the multiplicities formula for the s-characteristic cycle 
of AiAiP) obtained by M. Schulze and U. Walther in [25] in the case when A is 
pointed and (3 is non-rank-jumping. First of all we need to recall some definitions 
given in [25] . 

Let us consider $^ 9 r C r' G •l'^'^^^ and the natural projection 

TTry : Zr Zt'/{Zt' f] Qr). 

Definition 8.1. In a lattice A, the volume function voIa is normalized so that 
the unit simplex of A has volume 1. We abbreviate vo^,-' := vol^r^ ^,(^1-/) . 

Definition 8.2. For $^ 9 r C r' G define the polyhedra 

P^y := conv(7r^,-/(r' U {0})), Qry '■= conv(7r^T-'(r' \ r)) 

where conv means to take the convex hull. 

The following theorem was proven by M. Schulze and U. Walther (see [25| Th. 
4.21] and |25l Cor. 4.12]). 

Theorem 8.3. For generic f3 & (more precisely, non-rank- jumping) and t G 
the multiplicity of C in the s-characteristic cycle of M.a{.I3) is: 

= [Z"^ : Zr] ■ [(Zr'nQr) : Zr] ■vol,y(P,y \g,y). 

Here C\ is the closure in T*X of the conormal space to the orbit 0\ C T^X , 
where 0\ is the orbit of Ir G {0, 1}" ('(Ir)i = 1 if ai ^ t, (1,-)^ = if ai ^ r) by 
the d-torus action: 

(C*)"^ X T*X — > T*X 

{t,0 ^ t-e:=(r^6,---,t''"U 
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Assume that Y = {xn = 0} by reordering the variables. We are interested in 

the multiphcities of = T^X and = TyX in the r-characteristic cycles of 
A4a(/3) for r = s + e and r = 1 + e with e > small enough. In particular, we 
need to compute fi'^^''''^ , fi^^'''^^'\ fi]^^''^ and fi^^'^^\ 

It is a classical result that fj^lf = rank(A1^(/5)) = vol2d(A^) for generic P (see 

i, CI)- 

From [251 Corollay 4.22] if r = then 

= volzd(U^,g^s,d-i(A^, \ conv(r'))). 

Since ^^"^"^ is constant for e > small enough we have that all its faces r are 
F-homogeneous and then vol2d(conv(r)) = 0. As a consequence, 

= vol2'^(U^,g^^+.,d-i(A^,)) = vol2d(U^,g^.^d-i(A^,))- 
Let us compute fi^^^ for r = s + e and r = 1 + e. 

Consider any r G •J)^"^'"''^"^ such that n & t. Since e > is generic ($^'^~^ 
is locally constant at t = s + e) we have that a„ ^ Q(r \ {a„}) and hence 
there exists certain [d — l)-simplices cxi, . . . , such that n G (Tj C r, r = UjCTj, 
cTj n (Tj is an /c-simplex with k < d — 2 {ai, . . . ,ar is a triangulation of r). Then 
vol2d(AT-) = X]I=i '^^^^''(^o-J and we want to prove that 

vol^d(A,) = [Z'^ : Zr] ■ [Zr n Qa„ : Za„] ■ vol{„|,,(P|„},, \ g{„},,) (18) 

Since Zcr^ C Zr C Z'^ then volzd(A<,.) = [Z'^ : Za^] = [Z'^ : Zr] ■ [Zr : Za^] so we 
only need to prove: 

r 

^[Zr : Zo-j] = [Zr n Qa„ : Za„] ■ vol{„},^(P{„},^ \ Q{n},r)- 

But ttn ^ Q(r \ {a„}) implies that [Zr fl Qa„, : Za„] = 1 and r is F-homogeneous 
so we have to prove that: 

r 

vol{„},r(P{„,},^) = ^[Zr : ZcTi]. 

i=l 

We observe that 7r|„l,^(rU{0}) = (r \ {n}) U {0} in Zr/(ZrnQa,,) = Z(r\{n}). 
Consider a (c? — 2)-simplex a such that Zct = Z(r \ {n}). Since a„ ^ X]ier\{n} 'Q'^* 
there exists a hyperplane if such that ai & H for all i G r \ {ri}}, & H 
and a O H. Recall that the Euclidean volume of the convex hull of a bounded 
polytope A contained in a hyperplane if C and a point c ^ if is the product 
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of the relative volume of the polytope vo\rei{^) and the distance from c to H, 
d{c,H), divided by d\. Hence, we have the following equalities: 

, ^ V0\reliK\{n}) Vol(A^) Vol(A<^J 

V0l|„|,.(P{„},.) = ——— -— _ -TT^— -T - 2^ 



Y0\rel{Aa) V0l(A5u{n}) Vol(A3:u{n}) 

^ : Zt] ^ 

1=1 ^ J i=\ 

We have proved flTSl) and as a consequence the following Lemma. 

Lemma 8.4. Consider s > 1 and (3 non-rank- jumping. Then for all e > small 
enough: 



^s+e,in}^ J2 vol,. (A.). 



We close this section with the following result about the irregularity along any 
coordinate hyperplane Y of the hypergeometric system associated with a 

full rank pointed matrix A with ZA = Z^ . It is a consequence of Lemma [8.41 and 
the results in 



Theorem 8.5. If l3 E is generic (more precisely, n on- rank- jumping) then 

for all p E Y \ S, where S is a subvariety of Y with dim 5* < dimF. Then, 
for very generic (3 the nonzero classes in Qy(s) of the constructed series cf)^ with 
cr G T' form a basis in their common domain of definition U '^Y . 

Remark 8.6. Notice that Theorem \8. 51 implies that under the assumptions of this 
section equality holds in l[T5\) . 
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